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TECHNICALNOTE30&t

A METHODFORMMSURINGTHEPRODUCTOFINERTIAAND -

THEINCGINAT’IONOFTEEPRINC12JfLL0NGITUD13UL

AXISOFINERTIAOFANAIRPUNE

ByRobertW.Boucher,DrexelA.Rich,HsroldL.Crane,
andC!loyceE.Matheny

A descriptionofa simplemethodofexperimentallydeterdningthe
productofinertiaandtheinclinationoftheprincipallongitudinal
sxisofinertiaofanairplaneispresented.Theresultsoftheappli-
cationofthismethodanda descriptionoftheassociatedequipmentand
techniquesaregivenforbotha simplemodelanda conventional.airplane.
Previous~reportedmethodsforthedeterminationofthemomentsof
inertiaaboutthepitchandrollbodysxesarereviewedforuseinthe
determinationoftheangleofinclinationoftheprincipallongitudinal
axis.

Theangleofinclinationoftheprincipalaid wasfoundtohavea
probableerrorof@.17 bothfromenalysisoftheerrorofinertia
measurementofthefdd.-scaleairplanesmdfromtestswithamodelhaving
a simpleconfiguration.fbdYSh sh~d theprobableerroroftheinertia
measurementsforthetestairplanetobe*1.00,*O.49, and*O.35percent
ofthetruemomentofinertiaabouttheX,Y,andZbodyreferenceaxes,
respectively.

momcTIoN

Previousinvestigationshaveshownthatthelateraldynamicstabil-
itycharacteristicsofhigh-s~edairplanesarestronglydependenton
themomentsofinertiaandparticularlyontheproductofinertiaorthe
directionoftheprincipallongitudinalaxisofinertia(ref.1). Accurate
valuesofthesecpantitiesarerequiredeithertocomputetheresponse
characteristicsofanairplanefrcma knowledgeofitsstabilityderiva-
tivesortodeterminethestabilityderivativesfrommeasuredresponse
characteristics.Experiencehasindicatedthataccuratecalculatedvalues
ofmomentsofinertiaandproductsofinertiabasedonthemassdistri-
butionoftheairplanearenotusuallyavailable.Forthisreason,direct
measurementofthesequantitie:isnecessary.
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Theccmpoundaudbifilarpendulummethodsforobtainingthemoments
andprductofinertiasredescribedinreferences2 and3. These
methodsrequiretheconstructionofa specialcradleforhoistingthe
airplane,sd accuratedeterminationofthedirectionoftheprincipal
axisrequiressus~ndingtheairplanewithitslongitudinalaxistilted
ata largeanglewithrespecttothehorizontal.Fora largeorheavy
airplsme,thedeterndnationofthedirectionoftheprincipaltis becomes
difficultanddsngerousbecause,inasmuchastheairplszwistilted
ata largeangle,extensivedsmagewouldresultifitweredropped.
Methd.shavebeendescribedinreference4 fordeterminingthemoments
ofinertiaofanairplanebysupportingitonpivotsandoscillatingit
whileitisrestrainedbyspr~s. Shilarmethods,inconjunctionwith
amethodfordeteminhgtheproductofinertia,aredescribedinrefer-
ence5. h addition, amethodfordetermrlninnthedirectionofthe
principalSXLSby sus&ndingtheairpleneona torsionrodispresented
inreference5. Theuseofthismethdavoidedthenecessityoftilting
theairplanetolargeanglesbutitdidrequiretheconstructionofa
suitablecradlesndtorsionrod.

~ thepresentreport,theproductofinertiasndthemomentof
inertiaabouttheyawbodyaxissxeobtainedbysuspendingtheairplane
ata levelattitudebymeansofa hoistingsling.TheonlyauxilJary
eqtipnentrequiredccmsistsofsuitablespringsandthebracketsfor
attachingthemtotheairplane.Thismethodwastestedbydetermining
theinclinationoftheprincipsllongi~ axisofa smallmodelof
simplegeometricsha~. Themethodwasthenusedtodeterminethemoments -
ofinertiaandtheproductofinertiaofa fighterairplsne.Thepro-
cedureusedandtheresultsobtainedaredescribedinthisreport.

In obtainingthemeasurements,flexibilityofthewingoftheair-
planewasfoundtohaveanappreciableeffectonthedeterminationof
themomentofinertiaaboutthelongitudinalaxis.A briefdiscussion
ofthemethodusedforesttitingthiseffectisalsoincluded.

SYMBOLS

Cz

staticspringconstantsofrestrainingspringsforX-and
Y-axesofoscillation,respectively,lb/ft

eqgivslentspringconstantofyawrestrainingspringsand
springattachingplates,ft-lb/radisn

mesnaerodynamicchord,ft

accelerationduetogravity,32.2ft/sec2

— __—. . —
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hx)hy

AI

K

M

N

Px)py)pz

v

w

a

P

verticalcomponentsofdistancefromX-sndY-axesof
oscillation,respectively,toairplanecenterofgravity,
ft

momentsofinertiaaboutroll,pitch,andyawaxes,respec-
tively[thesxessxefurtherdefinedbysubscripts),
slug-ft~

momentofinertiaofsectionsofairplane,slug-ft2

productofinertia,slug-ft2

correctionforwingflexibility(furtherdefinedby
scripts)

momentaboutrollaxis,ft-lb

sub-

perpendiculardistancefromcenterlineofrestrahlng
springtoX-andY-axesofoscillation,respectively,ft

perpendiculardistsncefromX-andY-sxesofoscillation,
respectively,toairplanecenterofgravity,ft

momentaboutprincipallongitudinalaxis,ft-lb

momentaboutyawaxis,ft-lb

~riodofoscillationaboutX-,Y-,andZ-exesofoscilla-
tion,respectively,sec

totalvolumeofairpkne,cuft

airplaneweight,lb

angularaccelerationaboutprincipallongitudinalds,
radians/sec2

angleinXZ-planebetweenXbodyreferenceaxisandline
connectingforwardandreawardyawspringattachment
points(positivedirectionshowninfig.1),deg

@e inx%plsnebetweenXbodyreferenceaxisand
principalX-axis(positivedirectionshowninfig.1),
deg

airdensityatsl.titudeofmeasurements,slugs/cuft

.———. .. --—-— .—— .-—.
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Subscripts:

a

c

e

f

m

P’

r

s

se

Sp

a

1

2

angulardisplacementinroll,deg

angulardisplacementinyaw,deg

additionalmass

spring-cleflection

mment-of-inertia
ments

fuselage

correction

eqyipmentattachedto

asmeasured(uncorrectedforequipment,
etc.)

principalaxispassingthroughairplane

bodyreferencesxispassing
gravity

changeduetoslxiftinaxis

section

spring

NACATN~8k ,

.

facilltatemeasuxe-

additionalmass,

centerofgravity

throughairplanecenterof

andentrappedair

I

weightedmeanofsectionaccelerationcorrections /

load

load

A dotiledot
respecttotime.

condition1 (nofuel)

Condition2 (fullfuel)

overa symbolindicates

I

a secondderivativewith

DESCRIPTIONOFMETHOD

Determinationofproductofinertiaanddirectionofprincipal
axis.- lhordertodeterndnetheproductofinertia1= ortheangle
ofticlination6 hythemethodpresentedherein,the&r@ane issus-
pendedbymeansofa singlecableattachedtoa hoistingsling.The
airplanemaybeplacedatanydesiredattitudeinpitch,butusuallya “
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near-levelattitudeismostconvenient.Theairplaneisrestrainedin
yawbytwopairsofspringsattachedtothefuselageaheadofsndbehind
thecenterofgravity.A sketchwhichshowsthepointsofattachmentof
thespringsanddefinessomeofthesymbolsand-s usedinthederiva-
tionispresentedinfigure1. Thespringswhichareattachedto
bracketsdd.owvsriationof 8,theanglebetweenthehorizontal.andthe
planethroughthepointsofattachmentofthetwosetsofsprings.The
relativestiffnessandlocationofthetwosetsofspringsshouldbe
suchthata rotationoftheairplaneinyawaboutthehoistingcable
producesnosideforce.Theairplaneisoscillatedinyawata given
attitudeinpitchwithvariouspositionsofthespringssothatthe
angle5 isvsried.Ingeneral,somecouplingbetweenyawandrollis
present,withtheresultthata certainamountofrol~n motionoccurs
whentheairplaneisoscillatedinyaw.AtSomepSJ.+iCldXU7Vdl.leOfthe
angle5,however,therollingmotionaccompanyingtheyawingoscilla-
tioniszero.Theinclinationoftheprincipal-s fromthehorizontal
msythenberelatedtothisangle5 atwhichtherollinnmotionis
zerobymeansofa simpleformulaobtainedfromthefollowingderivation.

Thehorizontalandverticalaxespassingthroughtheairplanecenter
ofgravitywhentheairplaneisina sus~ndqdpositionaredefinedas
thereferenceaxesforpurposesofthisdiscussion.Theverticalplane
passingthroughthecenterlineoftheairplaneisassmedtobea plane
ofsymmetryandthereforethepitchtis isa principal@s ofinertia.
Then,theequationsofmotioninrollandyaware

H theangle5 isadjustedtocompensateforthecou@ingbetweenyaw
androllandthereispureyawingoscillationabouttheZ referenceaxis,
then

.
. #

or

‘% =-*%ii

,
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Themomentproducedbythespringsmayberepresentedbya vectorper-
pendiculartotheplaneinwhichthepointsofattachmentofthesprings
lie. H thisresultsntmomentisresolvedalongtheX andZ reference
axes,thespringmusthavea componentrestoringmomentN togivethe
yawingoscillationabouttheZ referenceaxisandmustalsohavea com-
ponentmoment-L slongtheX referencetis. Then,

Hence,
/

1X%=1%5- (2) ‘

!Iberelationfortheinclinationoftheprincipal-s ofinertia
intermsoftheproductoftnertiais

tan2C= ‘%

% - %

Solvingfor e gives

21m
: tan-lE=-

1% - 1%

or e intermsof 5 (fromeq.(2))is

21~ tan5
1 1

(3)

e=~ tan-’ ‘
2

Theanglee isthereforenot(as
butisrelatedtoitbya relation
abouttheX andZ referenceaxes.

mighthavebeenexpected)eq~ to 5
invol~ themomentsofinertia

●.,

Tnpractice,themomentofinertiaabouttheZ referenceaxismay
bedeterminedfromthesametestsusedtodeterminetheproductof
inertia.DeterminationofthemomentofinertiaabouttheX reference
-s (seeeq.(3))requiresa differentsetup(suchasthatdescribedin
ref.5)inwhichtheairplaneispkcedonpivotstoprovidefreedomin
roll.andisrestrainedby springs. ,.

— –— .— .—
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Determinationofprincipalmomentsofinertia.-Themeasuredvalues
ofmomentsofinertiaaboutthereferenceaxesandthemeasuredinclina-
tionoftheprincipalaxesmaybeusedtodetermimetheprincipalmoments
ofinertiafromtherelationsderivedasfollows.

Sincethepitchads isperpendiculartotheplaneofsy?mnetry,

(4)

Iftheairplanerotatesabouttheprincipallongitudinalaxiswith
ansmgul.araccelerationa anda resultingmomentM,then

l%?CL=M
Boththeangularaccelerationandthemomentvectorsmayberesolved
alongtheX andZ referenceaxes.ThecanponentsalongtheX reference
axisme relatedbytheequation

(5)

Thisvalueof L mustalsosatisfyequation(la)whichapp~esforany
typeofmotion.~ equation(5) isequatedtoequation(la)andthe

# resultsareshrpli-fied,thefollowingexpressionisobtained:

●

w

(lXr )$- Ixp ““- IG~.o

..
Dividingeqpation(6)by @ andsolvingfor I~ gives

or

where$/$= tsnc for

Ixp= Ixr- 1% t~ e

motionabouttheX prticipalsxis.

(6)

(7)

-. -.. .-.-—.— .— —-—-- .----- —- --.-. — — .. —.—--- .——- ---—-— >
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Themomentofinertia
similarmannerbyassuming

abouttheZ principalsxiscanbefoundina
thattheairplanerotatesabouttheZ princi-

psl axis.Theresultingeqyation

1%
= I&

is

+1XzrtenE (8)

Equations(7) .md(8) areequivalenttothestandardinertiaequations

% = IxrCOS26+ I& sin2e- 21% sin~ Cose

and

k-p= lXr ‘h2E+lZr c0s2G+‘X&. ‘in cCose

whicharegiveninmostengineeringhendbooksandarederivedinrefer-
ence
more

5. Fornumericalcalculation,however,equations(7)and(8)are .
convenient.

MODELTESTS

Inordertodeterminewhetherthemethodjustdescribedwouldgive
sufficientlyaccuratemeasurementsoftheinclinationoftheprincipsl
sxis,testsweremadewitha smallmodelofs~le geometricshapefor
whichthemcmentsandproductofinertiacouldbeaccuratelycalculated.
Eecausethenatureoftherollinnmotionofanairplanesuspendedfrom
a singlecableattachedtoa hoistingslingisfairlycomplex,some
experimentationwasconsidereddesirabletodeterminethemostsuitable
arrsmgementofthespringsandsuspensionsystem.Anotherobjectofthe
testswastodetezminewhetheraerodynamicforcesontheverticaltail
wouldappreciablyinfluencethedeterminationoftheincEnationofthb
principalaxis.

A photographofthetestsetupusedintheseexperimentsisshown
b figure2. Theinertiaoftheairplsmewasrepresentedbya pairof
steelbarsintheformofa cross.Testsweremadewithtwosetsof
restrainingsprings,onedesignatedaslightspringssndtheother
designatedasheavysprings.Thesuspensionsystemshowninfigure2
wasusedforonesetoftests;fora secondsetoftests,thepointof
attachmentofthethreewiressimulatingthehoistingslingwasrestrained
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sgainstlateralmotion.Tests
(sufficientlylsrgetoaccount
verticaltailofanairplane.

9

werealsomadewitha balsa-woodfin
foraerodynamiceffects)simulatingthe
Additional

masslocatedunsynm&ricaUy,asshownin
tiltoftheprincipal.tis.

Whenthemodelissuspendedasshown
rollingmotionexist.Thesemodes.shown

testswerem& withadded
figure2,toproducea known

infigure2,twomodesof
infigure3, sredesignatedthe

rollingmodemd themodifiedpendulummode.Whenttislingattachment
pointisfixed,onlya pendulummodeofmotionispossible.TableI
summarizestheperiodsofthevariousmodesthatwereobtainedwiththe
modelineachtestconditionbeforetheadditionoftheunsymmetrical
masses.Withthespringattachmentpointslocatedbelowthecenterof
gravity,verylittlerollingofthemodelwasfoundtooccurinthe
modifiedpendulummode,a conditionwhichisdesirablebecausevery
littleresponseinthismodethenoccursduringa yawingoscillation.

Thespringpositionwhichwouldresultinzerorollingmotionwas
determinedbyplottingtheratioofthemaximumrollsmplitudetothe
maximumyawamplitudeasa functionofthetangentofthespring
angle5. Plotsofthistypeareshowninfiguxe4. Thisfigureshows
thattheuseoftheheavyspringsgavethegreatestresponseinrollfor
a givenvalueofthespringangle.TMs responseisthoughttoresult
fromthefactthattheperiodoftherollingmodewasclosetothatof
theyawingmodesothattheresponseinrolltothero~g moments
resultingfromtheyawingoscillationwasneara resonantcondition.
Actually,a smooth-waveformofthero~g motionwasdifficultto
attainundertheseconditionsandsomeunsteadyrollingmotionofthe
symmetricalmodelgenerallyoccurredevenatthepoihtofzerospring
inclination.Withthelightsprings,therol~g motionwasappreciably
reduced,butthewaveformoftherolJingmotionwasa smoothsinewave
sothattheaccuracyindeterminingthepointofzerorollingmotionwas
limitedmainlybytheerrorinreadingthefilm.Forthisreason
approximatelyeqti accuracywasobtainedwitheithersetofsprings.
Whentheslingattachmentpointwasfixed,theamp~tudeoftheroUg
motionwasstillfurtherreducedandthisreductionwouldprobablyresult
insomeadditionallossofaccuracy.

Theprincipalaxisofthemodelwastheninclinedbytheaddition
ofweightsasshowninfigure2. Thisinclinationgavethemodela
calculatedproductofinertiaabouttheXZcentroidalsxesof
0.00772Slug-ftp.Thecalculatedvaluesforthemomentsofinertia
abouttheX sndZ centroidalsxeswere0.0571.and0.109slug-ft2,respec-
tively.-se vsluescorrespondtoanangleofinclinationoftheprin-
CiPSL-S pf8.31°.Theresultsofteststodeterminethespringangle
forzerorollingareshowninfigure5. Fromfigure5,tangentb has
a valueof0.072whentheratioofrollamplitudetoyawamplitudeis
zero.Byusingthisexperimentalvaluetogetherwiththecalculated

.—. —— ...—. .. .. ..
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momentsofinertia,theangleofincubation
foundtobe8.46°whichisingoodagreement
of8.310.

NACATN3084

oftheprincipal.sxiswas
withthecalculatedvalue

Theconclusionsobtainedfranthesetestsare: (1)Thepresenceof -
thetwomodesofrolliqgmotiondidnotcreateanydifficultybuttbe
periodoftherollingmciieshouldnotbetooclosetotheperiodofthe
yawingosciUation,(2)noadvantagewasgainedbyfixingthesling
attachmentpoint,(3)addingthesimulatedverticalfin,whichhada
negligiblemasseffectonthecalculatedincMnationoftheprincipal
axis,badnomeasurableeffectontheexperimentallydeterminedvalue.

FULL-SCALETESTS

Afterthemethodofdeterm-n theinclinationoftheprincipal
ads hadbeenshowntobefeasibleonthebasisofmodeltests,the
methodwastriedona fuU.-scalefighterairpl.sme.Themomentsofhertia
abouttheX,Y,andZbodyreferenceaxesoftheairplanewererequired
forthecalculationoftheproductofinertia,theticl..inationofthe
principsl-s, ad theprincipalmomentsofinertia.A methodshilsr
tothatdescrikdinreference~wasusedformeasuringthemomentsof
inertiaabouttheX andY bodyreferencesxes.

Determinationofpositionofairplanecenterofgravity.-Thelongi-
tudinalpositionofthecenterofgravityforloadconditions1 (nofuel)
and2 (fflfuel)wasdeteminedbyweighingtheairplaneonelectric
scsles.Theverticalpositionofthecenterofgravityforloadcondi-
tion1 wasdeterminedbytheplub-linesuspensionmethodgiveninrefer-
ence2 andthever-ticalpositionofthecenterofgravityforloadcondi-
tion2wasdeterminedbycalculatingthesmountthecenterofgravity
wouldmovefromloadcondition1 becauseoftheweightandposition
oftheaddedfuel.

DeterminationofmomentofinertiaaboutX referenceaxis.-A photo-
graphoftheairplaneandeqyipmentformeasuringthemomentofinertia
abouttherollaxisisshownasfigure6. Theinstrumentationconsisted
ofa synchrotransmitterandrecordercoupledtoa l/10-secondtimer.
Thetransmitterwaspositionedneartherightwingtipwithsnarm
attachedtothetransmittershaftandrestingona straightedgeparsllel
totheX referencesxisandfastenedtothewingtip. Thetransmitter
thusrecordedtheperiodofmanusllytiducedrollingoscillations.

the roll
observedmomentofinertiaoftheairplaneandeqtipmentabout
tis ofoscillationisgivenby
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ThemomentofinertiaabouttherollWs throughtheairplane
centerofgravityandparalleltotheaxisofoscillationisgivenby
theequation

(9)

whereI%
isthemomentofinertiaoftheinertiatesteqwipnentabout

theaxisofoscillation,
1%

isthemomentofinertiaduetothe

apparentadditional-masseffectofoscillatingina fluidmedium,and

‘%
isequivalentto

(% “)’:’
whichrepresentsthecorrection

fortrsnsferofaxesA takes‘intoaccounttheentrappedairandthe
buoyancyeffectofthedisplacedairatthealtitudeoftheground
measurements.

TableIIgivesthecorrectionsconsideredfortheequlpnentused
inmeasuringthemomentsofinertia,reference6 presentsfo~ d
graphstofindadditionalmasscorrections,andreference2 expl.dns
correctionsforinertiaduetothecombinedeffectsofthebuoysmcyof
thesurroundingmediumslldtheShiftingofas ●

Duringthefulll-scalemeasurementsabouttheX referenceaxisit
wasfoundnecessarytomakecorrectionsforwingfletilxU.ity.These
correctionswouldbeparticularlyimportantforconfigurationshaving
thinwingsofhighaspectratio.Forthetestairpb.ne,thiscorrection
wasfoundtobeapproximately5 ~rcentofthemomentofinertiaabout
theX referenceaxis.

Whentheairplaneisatanyrollangledur~ a sinusoidal.rol1fng
oscillationaboutthelmifeedges,thewingssreflexedbecauseofthe
resuitantloadingproducedbydistributedinertislloadingandconcen-
tratedspringrestraintwhichactinoppositedirections.Eachpartof
theairplanehasthesameperiodofoscillationbutdifferentangular
accelerationsanddisplacements;therefore,theinertiaequationfor
anairplane

mustbecorrectedtothessmerollangleandrollingaccelerationbefore
integration.Therollangleofthespringcanberelatedtotheroll

. X oft~ ~e~e bymeEUMofa constant~ where@sp= ~@f and,
ina similsrmsmnerjthevariousrollingacceleratiotiofthesections

...

..-. —.. .—. ._____ —.. — ___ –______
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ofthewingcanberelat~dtot~..rolling
bymeansofa relation$Se= K&&. The
ibleairplsnewouldbe

orintheintegratedform

NACATN3084

accelerationofthefuselage
inertiaequationfora flex-

( 2
)( )ZAI KSe= qc-#x2-Whx :

ThevalueZAIse canberelatedto ~N_~eKSe by
StantK& sothat

meansofa con-

or

SincethecalculatedvalueZAI isappro-telyeqydtothemeasured.
valueI~ witlilntheaccuracyofthemanufacturer’sinertia-distribution
data,then

Forthetestairplsnethevaluesbe and ~ werecalculated
fromavailablestaticctibrationsbut,ingeneralpractice,itwould
beadvisabletodeterminetheseconstantsastheratioofthemeasured
valueofthemsXimumdynamicdisplacementofthesectionsinvolvedand
thecalculated~ displacementthatthessmesectionoftheair-
planewouldhavewereitpartofa rigidtirphne.Thevalueof K&
canbeapproximatelydeterminedbymeansofcalculatedinertia-
distributiondatasuppliedbythemanufacturerusingtherelation

,
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. Wk’minationofmomentofinertiaabotiY reference-s. -A lmife-
edgeandrestraining-springsystem,similaTinprincipleandhandMng.
proceduretothatusedtoobtainmeasurementtsabouttheroll~s, was. usedtomeasurethemomentofinertiaaboutthepitchaxis.Theairplane
wassetupfortestsasshowninfigure7. Thesamehstrumentation
usedintheroll--smeasummentswasattachedtothetailoftbeair-
@AIE toobtain
pitch.‘

Themment
planecenterof

t~ historiesofmanuallyinducedoscillationsin

ofinertiaaboutthepitchaxispassingthroughtheair-
gravityisgivenbytheegyation

Iyr= 1% - Iy - Iya - Iys
e (lo)

where

IYB=()g+vp Z#
.

DeterminationofmomentofinertiaaboutZ refer-cetis and
productofinertia.-ThemomentofinertiaabouttheZ referenceads
isdeterminedfromthessmetestsusedtodeteminetheprcductof
inertia.‘T&airp- assetupforthetestsiss~wn infigure8.
ThespringsbetweentheA-frsmesd thespringattachingplatespro-
videdthenecessaryrestrainingcoupleandallowedthedirectionofthe
restoringmomentofthespringstobevariedtocompensateforthe.
augularmomentumcausingcoupkingbetweenyawandroll.Thehstrumen-
tationconsistedoftwosynchrotransmittersandrecorderscoupledto
a l/10-secondtimer.Theyawtransmitterwaspositionedatthenoseof
theairplaneandtherolltransmitterwas~ositionedattherightwing
tipintheSsmemannerasforthepurerollcase.ItiS~ortsntthat
thestraightedgebelevelinthiscasesothattheyawpositionwiU.
notaffecttherecordingofrollingmotion.Recordsweretakenonly
afterthemsnuallyinducedyawcausedbypushingoneachwingtipand
therollcausedbycoupldngduetoyam motionhsilreacheda steady
state.

Ifanairplaneissuspendedfroma hoistbya sling,thecenterof
‘gravityofthesuspendedairplaneisdirectlybelowtheattachingpoint

.

.—. .—. .. —.— — —... —.— —.. .— ...z — —— —
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ofthesdrplsaesllngsnd
Iiation passes
inertiaabout

whereCz is

throughthe
theaxisof

NACATN3084

the cranehook.Theresultantaxisofoscil-
airplanecenterofgravity.Themomentof
thesupportingcableisgivenbytheequation

()Pz21%
.CZG (’XL)

theequivalentspringconstant(inft-lb/radian)ofthe
restrainingsprings,springattachingplates,andtheairplsnefuselage.

Equation(Il.)isexactonlywhentheZ-tisofoscillationisthe
resultantaxisofthecmabinedmanentvectorsoftherestoringsprings
andthesdrp- sngdaracceleration.Theeffectsofrollingonthe
periodoftheoscillationsinyawarenegligible,however,forangles
oflessthan4°betweentheresultantvectorsndtheprincipalaxisof
inertia,sothateqmtion(U) givesa validapprohtionthroughthat
rsmge.

Themomentofinertiaabouttheyawreferenceaxispassingthrough
theairplanecenterofgravityisgivenbytheeqution

1% = I% - lza - lZe (12) -

Pericdsofthevariousmodesofrollingmotionoftheairplsm.earegiven
intable,I. !l?ypicsltimehistoriesofyam androllingoscillations
sregivenh figure9. Plotsoftheratioofmaximumrollamplitudeto
mmdmumyawamplitudesgsinstthetangentofthespringsingleforload
conditions1 snd2 aregiveninfigures10andU.,respectively.The
productofinertiaandtheinclinationoftheprincipalaxLsweredeter-
minedusingeqpations(2)and(3).Theprincipalmomentsofinertia
weredeterminedusingeqyations(4),(7), and(8). Samplecalculations
sm givenintheappendixusingvaluespresentedintableIII.

RESULTSANDDISCUSSION

MomentsofIhertiaAbouttheBodyReferenceAxes

Basicdata.- Thedimensionssndphysical.characteristicsofthe
airplanearegivenintable~. Valuesforquantitieswhichvaried
becauseoftheinaccuraciesoftheeqpipmentandmethodsusedwere
obtainedbyawersgingseveralmeasurements.Correctionsweremade,in
thero~g case,forthefltibi14tyoftheairplanewingand,inthe
yawingcase,fortheflexibil.ityofthespringattachingplates.Other
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correctionsweremadefortheinertiaeqtipment(seetableII)andfor
theeffectsoftheaibientairmassaccordingtoreference6. ~ values
ofthemomentsofinertiaaboutthebodyreferencesxesforloadcondi-
tions1 and2 aregivenintableIV.

Precision.-ThepossibleerrorsinthemeasuredandcomputedqH-
titiesusedincslculat~themomentofinertiaaresumnarizedin
tableV. Thesepossibleerrorsinthevariableswereestimatedonthe
basisofpresent

(refs.4t06).

Probableerror=
allprecisionof

equipment,testtechniques,andpreviousexperience

(Theprobableerrorbasedontherelation,

Possibleerrors))2 isa measureoftheover-
themethod.

ProductofInertiaandbcldnation

ofthePrincipalAxis

Thevaluesof I%
and .saregivenintablesIVandVI,respec-

tively,forloadconditions1 and2. Withregardtoprecision,thenet
effecton 1

%
and 6 oferrorsin I and I

& %
issmallbutthe

effectof 5,whichhadsmapproximatelyconstanterrorof*O.1°when
determinedforthepointofzerorollforeitherthemodelortheair-
plane,ismuchmoreimportant.Theresultantprobableerrorfor

1%
isa~ro-tely +0.0018I%

andtheerrorfor e isapproximatelya

constantvalueof@.lp. Theestimatederrorof I% forthetest

airgdaneis f56 smg-ft2.

PrincipalMomentsoflhertia

Theprincipslmomentsofinertiaforthetwoloadconditionsare
summarizedintableVI. Sincee issmall,themomentsofinertia
abouttheprincipal.axesandtheresultingprobableerrorsarenesrly
thessmeasthemomentsoftiertiaabotithebodyreferenceaxesand
theircorrespmdingprobableerrors(seetablesIVsndV).

CONCLUDINGREMARIG

Themethodemployedinthepresentinvestigationformeasuringthe
inclinationoftheprincipsllongitudinalaxisofinertiaandthemoments
ofinertiaofanairplanereducedthehandlingproblemsandinherent

—..— ...———.. ——. —-— ————— .— .. —————
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inaccuraciesofpreviousmethodsandappesrsstitableforapplication
toinertiameasurementsonanysdrplanecapableofbei.ngsuspendedon
a hoistingsling.

Theaccuracyofthetestmethodforthedeterminationoftheinclina-
tionoftheprincipal-s waswitti~ .17°.Theestimatedprobable
errorofthetestairphneandthecalculatederrorofthetestmodel
wereofthessmemagnitude.

Testswiththefull-scaleairplaneshowedthatitisimportantto
considertheeffectsoftheflexibilityofthewingsb determmg the
momentofinertiaaboutthelongitudinalSs.

IamgleyAeronauticalLaboratory,
NationalAdvisoJ_TCommitteeforAeronautics,

-Y Field,Va.,J~WY 27,1954.
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A?I?ENDIX

CALCULATIONOFMOMENTSOFINERTIA,PRODUCTOFINERTIA,

ANDIIjCKUWTIONOFPRINCIPALAXISFOR

LOADCONDITION1

Theobservedmcmntsofinertiaabouttheknifeedgesare:
AbouttheX-tis,

2
I% = %(%”XZX2 )( )

Px
-Whxz

[ I[;8J2= 1.015(0.947)(3,240)(17)2- (11,188)(3.025)

= 14,942slug-ft2

abouttheY-axis,

[ [1 2
= (4,850)(16.93)2- (u,lW) (1.656] 2&~4:6)

= 27,g= slug-ft2

!

.—.
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andabouttheZ-axis,

Themomentsof
Aboutthex-axis,

NACAl?N384

()Pz2Cz—
&

[1 2
67,464 4“3&

2(3.1416)

32,247slug-ft2

inertiaaboutthe

*%==% -lxe -

bodyreferenceaxesare:

1% - ‘%

= 14,942- 414- 388-3,194

= 10,946Slug-ftz

abouttheY--s,

Iyr= 1% - ~ye- Iya - Iy~

= 27,912- 823- 178- 3,538

= 23,373slug-ft2

andabouttheZ-axis,

%c=%-*ze-lza

= 32,247-190-187

= 31,870sl~-ft2
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Theprcductofinertiaandtheinclinationoftheprincipal=es are:

% = 1%tan5

31,870(0.00416)

133slug-ft*

. I_tm-l 2(133)
2 31,870-10,946

= 0.36°

Theprticipal.momentsofinertiaare:
Aboutthex-as,

I~=Ix#x&ac

= 10,946- (133)(0.00633)

= 10,945slug-ft*

abouttheY-=s,

Iy = Iyr
P

= *3,373slug-ft2

andabouttheZ-axis,

‘Zp=%r+%tm’
= 31,870+ (133)(o.00633)

= 31,871sm/@t2

..— —— ...— — . ..__— —.. . ——. -— —.-.
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TABLEI

PERIODSOFVARIOUSMODESOFOSCIIZATIONOF

TESTMODELANDTESTAIRPLANE

condition

Testunit

Model.,lightsprings\

Model,heavysprings

Airplane

Slingattachment
point

Fixed

l?ree

Fixed

Free

Free

Period,sec

Yawing
mcde

0.84

.84

4.344

RoUSW
mode

.----

0.46

-----

.43

1.698

Pendulum
mode

0.42

.40

.34

.32

2.265

— ——. —.——-
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TAmx II

MOMENTSOFINERTIAAEOUTKNIFEEDGESOF

PARTSOF~ EQ~

1-

CcMmmT

1

IAllunits are measuredin sluz-ft2.I
L J

AboutX-ws :
Nosesupport. . . . . . . . . . . . . . . . . . . . . . . . ..o.18
I-besmsndspacersupports. . . . . . . . . . . . . . . . ...5.79
Rollsprings(both). . . . . . . . . . . . . . . . . . ...139.11
Movingpartsofbothspringcages. . . . . . . . . . . ...179.50
Unitattachingspringcsgestowings(both). . . . . . . . . 89.75

Totalofinertiae~pnentforroll-s . . . . . . . . . . .414.33

AboutY-ex.is:
.

Pitchsprings. . . . . . . . . . 00 . . . 0........ 209.17
Movingpartsofspringcages
Ioadconditionl....... . . . . . . . . . . . . . . .605.27
Loadcondition2 . . . ..o. . . . . . . . .. O..... 338.24

Mtattachingspringcagetotail. . . . . . . . . . . . . ..8.9o

Totslofinertiaequipmentforpitchsxis
Imdconditionl. . . . ..o . . . . . . . . . . . . ..O 823.34
Imadcondition2....... . . . . . . . . . . . . . . .556.31

Aboutz-axis:
Hoistfittings. . . . . . . . . . . . . . . . . . . . . . . . 83.89
Springattachingplates. . . . . . . . . . . . . . . . ...26.56
Springs(bothpairs). . . . . . . . . . . . . . . . . . . ...8.23
Springattachingunitsforother-s . . . . . . . . . . . . ~.80

Total.ofinertiaequipmentforyawsxLs . . . . . . . . . . .190.48
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TABLEIII

DIMENSIONSRIQILUWDININERTIA~S

Weightandbalance:
had condition1 (nofuel)
Weight,lb . . . . . . . . . . . . . . . . . . . . . . . ..ll.188
Longitudinalcenter-of-gravity
position(gearup),percentE . . . . . . . . . . . . . . 22.82

Verticalcenter-of-gravitypositionabove
fuselagereferenceline(gearup),ft . . . . . . . . . . .0.69

Loadcondition2 (fullfuel)
Weight,lb. . . . . . . . . . . . . . . . . . . . . . . . .16,240
Longitudinalcenter-of-gravity
position(gearup),percentE . . . . . . . . . . . . . . 24.30

Verticsllcenter-of-gravitypositionabove
fuselsgereferenceline(gearup),ft . . . . . . . . . . .0.76

Dimensionsofinertiameasurements:
Aboutx-axis,
Perpendiculardistancefromtheas ofthespring
totheaxisofoscillation,2x,ft . ● ● . . . . .

Springconstantoftherestra~g
springs,cx(total),lb/ft. . . . . . . . . . . .

Pe~ndiculardistancefromthe-s ofoscillation
totheairplanecenterofgravity,% ft
Loadconditionl.. . . . . . . . . . . . . . . .
Loadcondition2.. . . . . . . . . . . . . . . .

Verticalcomponentofthedistancebetweenthe
X-axisofoscillationandtheairpl.smcenter
ofgravity,h= ft
Ioadcontitionl.. . . . . . . . . . . . . . . .
Loadcondition2.. . . . . . . . . . . . . . . .

Correctionforthedynsmicfle~ oftheairplane
wingatthespringattachingpoint,~
Lmdconditionl.. . . . . . . . . . . . . . . .
Loadcondition2.. . . . . . . . . . . . . . . .

Weightedmeancorrectionofthesectioncorrections
to.accelerationoftheflexibleairplsme
Loadconditionl.. . . . . . . . . . . . . . . .
Loadcondition2.. . . . . . . . . . . . . . . .

Periodofoscillation,Px,sec
Loadconditionl.. . . ..O. . . . . . . . . . .
Ioadcondition2.. . . . .0 . . . . ● . ● .

Momentofinertiaoftheinertiagesr, “2”
*%’

slug-f-t

● .0.. 17

..0 3,240

. . . . 3.03

. ..0 3.09

. . . . 3.03
● .*. 3.09

. . . 0.947

. . . 0.944

. . . 1.015
● .* 1.013

. . . 0.8255
● . . 0.9046
● . . . 414

. ———.— ——— .—— —— ..——.— ——. ——-
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TABLEIII.-Continued

DIMENSIONSRIQ~ INlIWRTIA~S

Mcmentofinertiaduetodisplacement
of-s, I

%’
Slug-ftp

Loadcondi.tionl...... . . . . . . . . . . . . . . 3,194
Loadcondition2...... . . . . . . . . . . . ..O 4,843

Momentofinetiiaduetosnibientair,1%’
Slug-ftp● . . . . 388

AboutY-axis,
Perpendiculardistancefromtheaxisofthe spring
tothesxisofoscillation,2y,ft . . . . . . . ●

Staticspringconstantoftherestraining
spring,cy,lb/ft... . ● ● . . . . . . ● . . . .

Perpendiculardistancefromtheaxisofoscillation
totheairplanecenterofgravity,~, ft
Loadconditionl.. . . . . . . . . . . . . . . .
Loadcondition2.. . . . . . . . . . . . . . . .

Verticalccmponentofttidistancebetweenthe
Y--s ofoscillationandtheairplanecenter
ofgravity,hy,ft
Loadconditionl.. . . . . . . . . . . . . . . .
Imdcondition20. . . . . . . . . . . . . . . .

Pericdofoscillation,Py,sec
Loadconditionl.. . . . . . . . . . . . . . . .
Loadcondition2.. . . . . . . . . . . . . .

Momentofinertiaoftheinertiagear, “2”Iye,slug-ft

. . . 1.6.93

.*. 4,850

. . . . 3.18
● .*. 3.13

● ✎☛☛ 1.66
● . . . l.~

.*. O.8g64

.*. 0.9625

hadconditionl.. . . . . . . . . ... . . . . . . . . . 823
Loadcondition2.. . . . . . . . . . . . . . . . . . . . 556

Momentofinertiaduetodisplacement
oftis, Iys,slug-ft2

Loadconditionl.. . . . . . .0 .. . . . . . . . . . 3,538
Loadcondition2.. . . . . . . . . . . . . . . . . . . 4,953

Momentofinertiaduetosnibientair
-SS, Iya,slug-ft2.. . . . . . . . . . . . . . . . . . . 178

AboutZ-ds,
Equivalentspringconstsnt,Cz,ft-lb/rwiian. . . . . . .67,464
Periodofoscillation,PZ,sec

Iaadconditionl...... . . . . . . . . . . . . . . 4.344
Imdcond.ition2. . . . . . . . . . . . . . . . . . . . 4.461
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T.ABIJZSS1.-Concluded

DIMENSIONSRQICREDININERTIA~S

Momentofinertiaofinertiagear,‘%’
Slug-ft?o. . . ..lgo

Momentofinertiaduetownbientairmass,Iza,slug-ft2

Loadconditionl.o. OOO . . . . .. O.. . . . ..O 187
Loadcondition2.. o... . . . . . . . . . . . . . . . 1%

Tsngentofthespringanglewhenonly
pureyawexists,tan8

Imdconditionl. . . . . . . . . . . . . . . . ..O 0.004
Loadcondition2....... . . . ...****** -0.016

.

———. — .. —-—— — .—~ ~— . ——-– ——



TABm Iv

MOMENTSOFINERTIAANDPRODUCTSOFINERTIA

mm EQDYAXESTHROumAIRPLANE

CENTEROFGRATZTY

Loadcondition1 had condition2

Ix, slug-ft2. . . ● 10,946 1-2,195r

lY , slu.g-ft2. . . . =’3,373 26,282
r

1%’
slug-ft*● . . . 31,870 33,632

1%, slug-ft2 . . . ● 133 -527



TAEm V

PRECISION MUIW.31S OF TEST METEOD3

Probable emxm, percent of true mcment of inertia

Variabks Estimated Load condition 1 Lad condition 2
error

% ‘L 1%- 1% lyr %

Cx>cy?cz kO.~ prcent *0. TL *0.61 +0.51 *o.m *o.62 +0.51

1~>Iya,I% *1O percent *.35 *.08 *.06 ~.32 *..07 +.05

ly#ye,~ *5percent *.19 *.I.8 t.03 *.17 t.1.l *.03

Ixg)IY~ *1.5 ~rcent *.44 ?.23 ---- *.59 k.28 ----

Kc *O..5~rcen~ *.71- ---- ---- *.75 ---- ----

Km *O.5 percent *.68 ---- ---- *.7=j ---- ----

1 *0.01foot *.16 k.lk ---- +.18 *.15 ----

P *0.05percent *.14 *.I.2 *.1O i.lp *.12 *.1O

Ii *1Opolmaa <<+.01 <e.01 ---- <<*.01<e.01 ----

h *0.02foot *.03 *.02 ---- *.O5 *.03 ----

Probableerror io.92 H.48 ti.35 *lom *o.k9 *O.35
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TABLEVI

PRINCIPALMOMENTSOFINERTIAANDINC!HNAYION

OFPRINCIPALAXIS

Loadcondition1 had condition2

%’
slug-ft2. ● ● . 10,945 W,182

%pj slw-ft2 ● ● . . 23,373 25,282

%’
Slug-fta● . . . 31,871 33,645

e,deg. . . . . . . . 0.36 -1.41



Airplane Sing
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A
Spring Affoching Plaies

Figure l.- Sketch of the test airplane showing pertinent symbols for the
determination of principal axes.
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L-768J+&J
Figure2.-Modelwithbalsafinamdwithprincipaltis inclinedbyweights.
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(a) Rolling mode. (b) Pendulum mode.

Figure 3.-MXlesofrolling motion of the tqst model as a result of the
Sua-pensionaykem.
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o Heavy springs, sling affachmenf poinf free

❑ ~ighi springs, sling afiachmeni poini free

0.40 “ O Lt’ghi springs, sling “affachmeni poIni fixed, fin on
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o

0
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Tangent of restoring spring ang/e s
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Figure 4.- Ratio of meximum roll amplitude to mdnnnn yaw amplitude as a s
function of spring-restaing-moment direction for the aymnetrlcalmodel. W
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Tawent of restoring spring ang/e

Figure 5.- Ratio of mxlmmn roll amplituie to mxim.nn yaw amplitude as a
fumction of s@ng-restoring-moment direction for the model with the
princi@. axis inclined.
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L-78449
F@n?e 6.-Test drplane as set up Por deterddng the moment of inertia

about the roll axis.
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L-78436
Figure 7.-Test airplane as set up for determining the moment of inertia M

about the pitch axis.
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L-78445
~gure 8.-Test airplane as set up for determining the nmmnt of inertia

about the yaw axis and the pr&Luct of inertia.
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a.- Restoring springs af a negative ang)e of inclination1

I &.-Restoring springs near fhe null point

I

I

\

c,- Restoring springs ai a posifive angle of inclinofion

Figure 9.- ~ical. time histories oPyawlng and rolling oscillations.
U
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Tangen/ of restoring spring ang/e

Figure 10.- Ratio of mUimDn roll aqlitude to maximum yaw amplitude as
a function of spring-restor~ -moment direction for load condition 1
of the teat airplane.
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Figure U.. - Ratio of mxinnun roll amplitude to maxhmun yaw smplitude as
a function of spring-restortig—moment direction fcm load condition 2
of the test airplane.


